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[1] The spin pole of Mercury is very nearly, but not quite, aligned with its orbit pole.
Tidal dissipation has driven the free obliquity to very small values, and the high rate of
spin pole precession allows the forced obliquity variations to remain small despite
significant variations in orbital inclination and eccentricity. We present calculations of the
obliquity for a 10 million year time span, centered on the present. The obliquity remains
small, with typical values of 2–4 minutes of arc. The dominant period of obliquity
oscillations is 895 kyr, which is also the main period at which the orbital inclination varies.
If the orbit pole precession rate were uniform, dissipation would have driven Mercury into
a Cassini state, in which the spin pole and orbit pole remain coplanar with the invariable
pole, as the spin pole precesses about the moving orbit pole. However, due to the
nonuniform orbit precession rate, this simple coplanar configuration is not maintained,
except on a mode-by-mode basis. That is, when the orbit pole motion is represented as a
sum of normal modes of the coupled oscillations of the planetary system, the spin pole
coprecesses with the orbit pole at each modal frequency. This is a generalization of
Cassini’s second and third laws of lunar rotation to the case of nonuniform orbit
precession. We compare results of a linearized obliquity model with a numerical
integration of the equations of motion. The two solutions agree at the level of a few
seconds of arc.
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1. Introduction

[2] Tidal dissipation within Mercury has quite dramat-
ically influenced that planet’s rotation. In addition to
occupying the only known case of a nonsynchronous
spin-orbit resonance [Pettengill and Dyce, 1965], Mercury
also has the distinction of the smallest known value of
planetary obliquity [Klaasen, 1976; Harmon et al., 2001],
or angular separation between the spin pole and the
instantaneous orbit pole. Tidal dissipation has driven the
spin pole to a state in which it is very nearly parallel to
the orbit normal. Considerable effort has been devoted to
understanding the origin of the spin-orbit resonance
[Colombo and Shapiro, 1966; Goldreich and Peale, 1966,
1968] and the unusual obliquity state [Colombo, 1966;
Peale, 1969, 1974, 1976; Peale and Boss, 1977a, 1977b;
Ward, 1975; Henrard and Murigande, 1987]. After several
decades of relative neglect, two spacecraft missions to
Mercury are being planned [Solomon et al., 2001; Peale et
al., 2002; Balogh and Giampieri, 2002; Anselmi and Scoon,
2001; Milani et al., 2001], and innovative radar investiga-

tions are providing improved constraints on the current
rotation state [Holin, 2002].
[3] In anticipation of a wealth of dynamically relevant

information in the near future, our objective is to examine
a simple model of the orbital and rotational variations of
Mercury over a relatively short period of time near the
present, and attempt to understand how the obliquity is
currently varying. For a perfectly spherical body, there
would be no gravitational torque and the spin pole would
remain fixed in inertial space. In that case, any variation
in the orientation of the orbit plane would be directly
manifest as obliquity variations. For an oblate planet,
gravitational torques cause the spin pole to precess about
the instantaneous orbit pole, and obliquity variations
reflect changes in either the orbit pole, the spin pole, or
both. The spin pole precession rate can be estimated by
equating the change in angular momentum to the applied
torque. For a rapidly rotating body, this torque balance
can be written as [Ward, 1973, 1992; Kinoshita, 1977;
Bills, 1990]

dbs
d t

¼ a

1� e2ð Þ3=2
bn �bsð Þ bs� bnð Þ; ð1Þ
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where bs and bn are unit vectors along the spin pole and orbit
normal respectively, e is the orbital eccentricity, and a is a
scalar rate parameter which depends on the principal
moments of inertia A < B < C, the spin rate s, and the
orbital mean motion n, via

a ¼ 3

2

C � Aþ Bð Þ=2
C

� �
n2

s
: ð2Þ

To model the spin precession of a resonant rotator, like
Mercury, we will need to make some modifications to this
formula. However, as we will see in the next section, the
basic form will remain quite similar.
[4] In order to explore the dynamics of spin pole varia-

tions we obviously need a representation of the variations in
orbital inclination and eccentricity, and an estimate of the
parameter a. The net effect of the spin pole motion, as given
in equation (1), is that the spin pole bs precesses about the
instantaneous orbit pole bn. If the orbit pole and eccentricity
were both fixed, then the spin pole would trace out a
circular trajectory centered on the orbit pole, and the
obliquity would remain constant.
[5] If the orbit pole of Mercury were precessing at a

steady rate, and at fixed inclination to the solar system
invariable plane, the effect of tidal dissipation would be to
drive the spin pole to a configuration in which the spin pole
and orbit pole would remain coplanar with the solar system
invariable pole [Colombo, 1966; Peale, 1969; Ward, 1975;
Henrard and Murigande, 1987]. That configuration repre-
sents a generalization of Giovanni Cassini’s second and
third laws governing the rotational motion of the Moon
[Cassini, 1693]. In that case the obliquity would also remain
constant.
[6] However, Mercury’s orbit pole precession rate is quite

irregular, and the spin pole cannot remain coplanar with the
orbit pole and the invariable pole. Instead, the effect of tidal
dissipation is to drive the system toward a state in which the
obliquity varies, but in a particularly simple way. A linear-
ized analysis of the equations of precessional motion
indicates that for each mode of oscillation in the orbit pole,
there is a corresponding mode of spin pole oscillation. The
orbit and spin modes have identical frequencies and phases,
and the amplitudes are related via a simple linear filter. The
coplanar configuration of spin pole, orbit pole and invari-
able pole is maintained on a mode-by-mode basis.
[7] It is informative, in this context, to compare the

obliquity variations of Mercury with those of Earth and
Mars. Both Earth and Mars have reasonably large mean
obliquity values, but Earth’s obliquity has only quite small
amplitude variations about the mean whereas Mars exhibits
much larger amplitude variations in its obliquity [Ward and
Rudy, 1991; Touma and Wisdom, 1993; Laskar and Robutel,
1993]. This difference has a simple explanation. The orbital
inclination variations of Mars and Earth are quite similar in
amplitude, and have identical frequencies of oscillation. The
difference in obliquity variations is due to the fact that the
spin pole precession rate parameter of Mars (a = 7.6 arcsec/
year) [Folkner et al., 1997; Yoder et al., 2003] is comparable
to some of the rates at which the orbit pole precesses, and
there is a resonant amplification of the spin precession. For
Earth, the spin pole precession rate parameter is much
higher (a = 50.29 arcsec/year) [Williams, 1994; McCarthy

and Luzum, 2003] and there are no significant orbital
motions in that frequency range. The mean obliquity of
Mercury is small, as a result of tidal dissipation, and the
variations about the mean are also small because the spin
pole precesses much more rapidly than the orbit pole.
Mercury, in that regard, is more similar to Earth than to
Mars.
[8] A potentially important way in which Mercury differs

from either Earth or Mars is that the orbital inclination and
eccentricity variations are quite large. Linear models of the
spin pole’s response to orbital variations provide a good
description of the actual behavior for Earth, and somewhat
less so for Mars. Though the variations in obliquity for
Mercury are expected to remain small, it is not obvious a
priori how well the linear model will perform. We thus
compare estimates of the spin pole behavior in linear and
nonlinear models.
[9] Another way in which Mercury differs from Earth and

Mars is that the present orientation of the spin pole is still
only rather poorly known. Until very recently, the best
estimates of the spin pole orientation of Mercury were
obtained from Mariner 10 observations [Klaasen, 1976]
and Earth-based radar range measurements [Anderson et
al., 1996]. Recent work [Holin, 2002], using radar
speckle interferometry is dramatically improving the sit-
uation, and the current spin pole orientation should be
known to an accuracy of a few arcseconds within a few
years. In modeling spin pole dynamics of bodies like
Earth and Mars, the present orientation of the spin pole
is imposed as an initial condition. For Mercury, the
expected departure of the spin pole from the orbit
normal is smaller than the current uncertainty. However,
the fact that tidal dissipation has driven the spin pole
close to the orbit normal can be exploited to yield a
dynamically consistent solution without any dependence
on initial conditions. In effect, we assume that the free
obliquity of Mercury is zero, and the only deviations
between the orbit normal and spin pole are forced by
the orbital motion.
[10] The remainder of this paper is divided into 6 sec-

tions. In section 2 we develop a simple model for spin pole
precession, after averaging the gravitational solar torque
over the orbital and rotational periods. In section 3 we
estimate the spin pole precession rate parameters. In section
4 we discuss the secular orbital model. In section 5 we
develop a linear model of spin pole variations, in response
to solar torques and variations in orbit pole orientation. In
section 6 we present results of numerical integration of the
equations of motion. In section 7 we summarize and discuss
the results.

2. Spin Precession Model

[11] In this section we develop a simple representation of
the precession of the spin pole of Mercury, under the
influence of solar torques. Equation (1), given in section 1,
is strictly correct only for rapidly rotating bodies, in which
departures from symmetry about the rotation axis play no
role. For synchronous rotators, like the Moon, or for
resonant rotators like Mercury, the departure from axial
symmetry modifies the torque balance, and must be
properly accounted for. We will see, however, that the
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proper torque balance equation for Mercury can be written
in a form rather similar to that for a rapid rotator.
[12] The precession of the spin pole of a planet or satellite

can be modeled quite simply by equating the change in spin
angular momentum to the applied gravitational torque. The
instantaneous gravitational torque acting on a triaxial body
due to a distant point mass can be written in the form

T ¼ 3m
r3

bu� I � buð Þ; ð3Þ

in which the gravitational monopole moment of the source
is

m ¼ G ms; ð4Þ

where G is the gravitational constant and ms is the source
mass, r is the distance from the rotator to the source, I is the
inertia tensor of the triaxial body, and bu is a unit vector
oriented toward the source, as seen from the center of the
rotator. This formulation yields both short period torques,
which give rise to nutations and librations, and long period
torques which cause the precession we are mainly interested
in. For recent accounts of the short period effects, see
Rambaux and Bois [2004] and Carpentier and Roosbeek
[2003].
[13] If the triaxial body and point source are in a binary

orbit, and the torques are averaged over the rotation period
and orbital period of the body, we can write the precession
equation in the form

d bs
d t

¼ 3

2

n2

s

� �
a* bn �bsð Þ þ b*ð Þ bs� bnð Þ; ð5Þ

where bn and bs are unit vectors along the orbit pole and spin
pole, respectively, n and s are the rates of mean orbital
motion and rotation of the triaxial body, and a* and b* are
functions of the orbital eccentricity e and the principal
moments of inertia (A < B < C). The particular forms taken
by the dimensionless parameters a* and b* depend on the
relative rates of rotational and orbital motion, a point to
which we will return momentarily.
[14] Several features of this formulation deserve com-

ment. All but the terms within the first set of parentheses are
dimensionless. The direction of the precessional motion is
dependent only on the two unit vectors bn and bs, and is
perpendicular to both of them, due to the bs � bn term. The
orbital mean motion n is related to source strength m and
orbital semimajor axis a via Kepler’s third law:

a3n2 ¼ m 1þ nð Þ; ð6Þ

where the mass ratio is

n ¼ m

ms

ð7Þ

and m is the mass of the rotator. For small mass ratios (n �
1) we can make the approximation

m
a3

¼ n2; ð8Þ

which was employed in writing equation (5).

[15] In averaging the torques, we need to write functions
of orbital radius r and orbital true anomaly f in terms of
orbital mean anomaly M, which varies linearly with time. A
convenient format for such expansions was introduced by
Cayley [1861]. He tabulated expansion coefficients for
functions of the form

r

a

� �p

cos q fð Þ ¼
X1
j¼0

Cp;qj e½ � cos j Mð Þ; ð9Þ

r

a

� �p

sin q fð Þ ¼
X1
j¼0

Sp;q
j e½ � sin j Mð Þ; ð10Þ

where p and q are integers and the coefficients Cjp,q and Sj
p,q

are functions of orbital eccentricity e. Explicitly, those
coefficients are given by the integrals

Cp;qj e½ � ¼ 1

2p

Z 2p

0

r

a

� �p

cos q fð Þ cos j Mð Þ dM ; ð11Þ

Sp;q
j e½ � ¼ 1

2p

Z 2p

0

r

a

� �p

sin q fð Þ sin j Mð Þ dM : ð12Þ

The evaluation of these integrals, though rather tedious for
Cayley, is now readily implemented via recurrence relations
[Hughes, 1981; Vakhidov, 2001].
[16] If the rotation angle of the axis of least inertia of the

triaxial body is

s ¼ tþ b M ; ð13Þ

where t is the angle, measured from the ascending node of
the orbit on the equator plane at periapse, and b is a half
integer, then we will need three coefficients: C0�3,0[e],
C2b�3,2b[e], and S2b

�3,2b[e]. The first of these has a simple
closed-form expression:

C�3;0
0 e½ � ¼ 1� e2

� 	�3=2
: ð14Þ

The others are given in terms of Taylor series expansions,
with different forms for each value of the spin-orbit rate
ratio b.
[17] The most familiar form of the precessional equation

is that which is applicable to rapid rotators, such as Earth or
Mars. In that case, the torques can be averaged over the spin
period, holding the orbital position fixed, and then sepa-
rately averaged over the orbital position angle. In that case
the dimensionless parameters a* and b* are given by

a* c ¼ J2 C�3;0
0 e½ �

¼ J2 1þ 3

2
e2 þ � � �

� �
; ð15Þ

b* ¼ 0; ð16Þ

where J2 is the degree two zonal harmonic coefficient of the
gravitational potential of the rotator, which is related to the
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principal moments (A, B, C), mass m and mean radius R of
the body via

J2 m R2 ¼ C � Aþ B

2

� �
; ð17Þ

and c is the dimensionless polar moment of inertia:

c ¼ C

m R2
: ð18Þ

[18] For a synchronous rotator, in which b = 1, the torque
averaging is still a simple calculation, but is somewhat more
tedious. After adjusting the phase angle t so that the mean
torque about the spin axis vanishes (in order to maintain
synchronous rotation), the result can be written as

a* c ¼ J2 C�3;0
0 e½ � þ C2;2 C�3;2

2 e½ �; ð19Þ

b* c ¼ �C2;2 C�3;2
2 e½ �; ð20Þ

where C2,2 is a harmonic coefficient of degree two and order
two in the potential of the rotator, and is given by

C2;2 m R2 ¼ B� A

4

� �
: ð21Þ

Note that the rapid rotator has no term proportional to the
difference in equatorial moments, as the spin averaging is
equivalent to setting A = B. If we truncate the Cayley
coefficient expansions at second degree in eccentricity, we
have for the synchronous case

a* c ¼ J2 1þ 3

2
e2

� �
þ C2;2 1� 5

2
e2

� �
; ð22Þ

b* c ¼ �C2;2 1� 5

2
e2

� �
: ð23Þ

[19] The result for a 3:2 spin-orbit resonance is quite
similar to the synchronous case:

a* c ¼ J2 C
�3;0
0 e½ � þ C2;2 C

�3;3
3 e½ �; ð24Þ

b* c ¼ �C2;2 C
�3;3
3 e½ �: ð25Þ

The only difference is that the gravitation potential
coefficient C2,2 is multiplied by a different Cayley
coefficient. Again truncating the Cayley coefficients at
second degree in eccentricity, we obtain

a* c ¼ J2 1þ 3

2
e2

� �
þ C2;2 1� 5 e2

� 	
; ð26Þ

b* c ¼ �C2;2 1� 5 e2
� 	

: ð27Þ

[20] If the obliquity is small enough that

bn �bs ’ 1; ð28Þ

then the precession formula can be written as

d bs
d t

¼ 3

2

n2

s

� �
Q e½ � bs� bnð Þ; ð29Þ

with

Q e½ � ¼ a*þ b*ð Þ: ð30Þ

We will see below that this small angle approximation is
very well justified for Mercury.
[21] If the Taylor series expansion in orbital eccentricity e

is truncated at degree two, we can write

d bs
d t

¼ a0 þ a2 e2
� 	 bs� bnð Þ: ð31Þ

The rapid rotator version of this formula can be written with

a0 ¼
3

2

J2

c

� �
n

s

� �
n; ð32Þ

a2 ¼
9

4

J2

c

� �
n

s

� �
n ¼ 3

2
a0: ð33Þ

The corresponding form for Mercury, with 2s = 3n is

a0 ¼
J2

c

� �
n; ð34Þ

a2 ¼
3

2

J2

c

� �
n: ð35Þ

[22] We thus see that, if we only retain terms of first order
in obliquity and second order in eccentricity, the resonant
rotator and rapid rotator versions of the precession equation
are almost identical in form. Analyses of the dynamical
evolution of Mercury into its present low-obliquity config-
uration [Peale, 1974; Peale and Boss, 1977a, 1977b] are
obliqated to consider the higher order terms, but for treat-
ment of the present situation, this simpler form is quite
adequate.

3. Spin Pole Precession Rate

[23] In this section we estimate the numerical values of
the spin pole precession rate parameters of Mercury. These
parameters play an important role in the obliquity calcula-
tion since they determine how well the spin pole can track
changes in the orientation of the orbit pole. Examination of
the formulas for these parameters, given just above, reveals
that they are each a combination of spin and orbit rate
parameters, which are very well known, and a moment
difference ratio which is not yet well determined. The best
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known of the input parameters is the orbital mean motion
[Standish et al., 1992]:

n ¼ 5; 381; 016:2829 arcsec=year: ð36Þ

The spin rate is observed to be very close to 1.5 times the
orbital mean motion [Pettengill and Dyce, 1965] and is
presumed to be exactly in that resonance [Goldreich and
Peale, 1966; Colombo and Shapiro, 1966; Counselman,
1969]:

s ¼ 3

2
n: ð37Þ

From perturbations in the trajectory of the Mariner 10
spacecraft, as it flew past Mercury in March and September
of 1974 and again in March of 1975, it has been possible to
estimate the required degree two harmonic coefficients of
the gravitational potential [Anderson et al., 1987]:

J2 ¼ 60� 20ð Þ � 10�6; ð38Þ

C22 ¼ 10� 5ð Þ � 10�6; ð39Þ

where M and R are the mass and mean radius of the planet.
The remaining parameter for which we need a value is the
normalized polar moment of inertia:

c ¼ C

M R2
: ð40Þ

There are no direct observational constraints on this
parameter, but arguments based on analogy with Earth
suggest that [Schubert et al., 1988; Harder and Schubert,
2001; Spohn et al., 2001]

c ¼ 0:35� 0:02: ð41Þ

Combining these input values, we obtain estimates of

a0 ¼
J2

c

� �
n ¼ 922� 312ð Þ arcsec=year; ð42Þ

a2 ¼
3

2

J2

c

� �
n ¼ 1384� 468ð Þ arcsec=year: ð43Þ

Though the uncertainty in these critical parameters is quite
large, the probable range of values are all substantially
larger than any of the secular orbital precession rates. As a
result, the amplitude of the forced obliquity variations will
be very nearly inversely proportional to the net precession
rate parameter. By planetary standards, the eccentricity of
Mercury’s orbit is quite high. As will be seen in the next
section, the long-term (107 year) average eccentricity is very
nearly 0.2, though it can be as high as 0.3 or as low as 0.1.

The average value of the spin pole precession rate parameter
will be

ah i ¼ a0 þ a2 eh i2¼ 959� 354ð Þ arcsec=year: ð44Þ

4. Orbit Model

[24] In this section we describe the orbital model that will
form the basis of our subsequent analyses. We employ a
secular variation model [Laskar, 1988] which includes
effects up to second order in masses and fifth order in
inclination and eccentricity. For each body, the semimajor
axis remains constant, and the shape and orientation of the
orbit are described by parameter pairs eccentricity (e) and
longitude of periapse (v), and inclination (I) and longitude
of the ascending node (W). The reference frame is the
ecliptic and equinox of J2000. Any of a variety of other
reference frames could be chosen, and for some analyses, it
is even convenient to use a rotating or noninertial reference
frame. However, for our analysis, it will greatly simplify
matters to use an inertial frame.
[25] In a secular variation model, the interactions between

the point-mass planets are averaged over their orbital
periods, and the point masses are effectively replaced by
gravitating hoops. In the lowest order models, the solutions
for (e, v) are decoupled from the solutions for (I, W), and
there are as many modes of oscillation as there are interact-
ing planets [Brouwer and van Woerkom, 1950; Murray and
Dermott, 1999]. It will be convenient to use a new set of
variables to describe the orbits. For each planet j, we define

hj ¼ ej sinvj; ð45Þ

kj ¼ ej cosvj; ð46Þ

and

pj ¼ sin Ij sinWj; ð47Þ

qj ¼ sin Ij cosWj: ð48Þ

Each of these parameters is represented by a Poisson series:

hj tð Þ ¼
XN
i¼1

Gji sin gi t þ gið Þ; ð49Þ

kj tð Þ ¼
XN
i¼1

Gji cos gi t þ gið Þ; ð50Þ

and

pj tð Þ ¼
XN
i¼1

Fji sin fi t þ jið Þ; ð51Þ

qj tð Þ ¼
XN
i¼1

Fji cos fi t þ jið Þ: ð52Þ
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As written here, the index j identifies the planet and the
index i corresponds to the mode of oscillation.
[26] Note that, despite their superficial resemblance to

Fourier series, these are Poisson series. In either case, the
series is a sum of sines and/or cosines of fixed frequencies
and phases. However, in a Fourier series, all of the frequen-
cies are integer multiples of a single base frequency. In the
Poisson series, the frequencies have no simple relationship
to each other. As a consequence, the orbital elements vary in
a quasi-periodic fashion. For further discussion of Poisson
series, see Henrard [1989], Deprit and Deprit [1990], San
Juan and Abad [2001], and Navarro and Ferrándiz [2002].
[27] It is important to note that representing the slow

temporal variations in orbital parameters via a Poisson
series does not necessarily imply that the motion is
actually quasiperiodic, rather than chaotic. The long term
stability of orbital motion in the solar system has been a
subject of intensive study for centuries, and is still not
completely resolved [Wisdom, 1987; Lissauer, 1999;
Lecar et al., 2001; Morbidelli, 2002]. It is known that
some of the orbital motions are chaotic, and all known
cases of chaos in the solar system are due to overlapping
resonances [Chirikov, 1979; Wisdom, 1980; Winter and
Murray, 1997a, 1997b]. The inner solar system is partic-
ularly prone to chaotic motions [Laskar, 1990, 1994;
Sussman and Wisdom, 1992; Ito and Tanikawa, 2002].
However, that does not preclude representing the motion
over long periods of time via a quasiperiodic approxima-
tion. It is somewhat analogous to using the Keplerian
orbital elements to describe the orbital trajectory, even
though they are only fixed parameters for the isolated
two-body problem.
[28] In the lowest order secular models, all of the fre-

quencies gj, which are associated with eccentricity and
periapse, are positive, and the frequencies fj, which are
associated with inclination and node, are negative. As a
result, the nodal lines regress and the apsidal lines advance.
In a higher order secular model, there are more modes of
oscillation. The current model includes 80 terms for each
body. Figure 1 illustrates the amplitude spectra for the
eccentricity and inclination series of Mercury. The largest
inclination term has an angular rate of �5.60 arcsec/year,
with a corresponding period of 231 kyr, and most of the
other terms in the Poisson series have negative angular
rates. The largest eccentricity term has a rate of 5.57 arcsec/
year, with a corresponding period of 228 kyr, and most of
the other terms are also positive. The eccentricity variations
are more dominated by the largest single term than is the
case for inclination.
[29] The scalar quantities eccentricity and inclination are

obtained from the 2-vectors (h, k) and ( p, q) via

e ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h tð Þ2þk tð Þ2

q
; ð53Þ

sin I ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
p tð Þ2þq tð Þ2

q
: ð54Þ

Similarly, the rates of change of the orbital elements are
obtained via

d

dt

e

v

� 
¼ 1

e2
e h e k

k �h

� 
d

dt

h

k

� 
; ð55Þ

d

dt

sin I

W

� 
¼ 1

sin2 I

p sin I q sin I

q �p

� 
d

dt

p

q

� 
: ð56Þ

[30] Figure 2 illustrates the variations in inclination and
eccentricity for Mercury for a 10 million year time span,
centered on the present, as represented by the secular
variation model. There are several features of note. The
dominant period of oscillation in inclination is near
1 million years. This represents a beat between the two
largest terms in the Poisson series. The rates of �5.604 and
�7.053 arcsec/year yield a beat period of 895 kyr. The
present inclination is near the long term average, but there is
significant variability. The inclination history is very nearly
symmetric about an epoch roughly 200 kyr ago. The cause
and effect of this quasi-symmetry is not well understood.
[31] The eccentricity variations are less extreme than

the inclination variations, but they too are dominated by
�1 Myr variations. In this case the cause is beating
between the first and third largest terms, with rates of
5.569 and 4.250 arcsec/year, yielding a beat period of
983 kyr. In this case, the major term is substantially
larger than the minor term and the modulation is not as
severe as in the inclination history.
[32] Figure 3 illustrates the variations in nodal and apsidal

motion over the same 10 million year time span. Here the
difference between the relatively regular behavior of the
shape of the orbit (e, v) and the quite irregular behavior of
orientation of the orbit plane (I, W) is clearly evident. The
rate of apsidal advance is fairly uniform, the present rate
(5.44 arcsec/year) is near to the long term average, and the
major variations have a period of roughly 1 Myr. Note that
the instantaneous rate of apsidal motion, which includes a
famous 0.43 arcsec/year contribution from General Relativ-
ity [Einstein, 1915; Roseveare, 1982; Nobili and Will,
1986], also includes short period perturbations which a
secular variation model will not capture.
[33] The rate of nodal regression is much more variable.

Most of the time it is in the range of �5 to �10 arcsec/yr,
with a 230 kyr dominant period of oscillation. However,
there are brief intervals during which the node rate changes
rapidly. There are even some times when the nodal motion
changes direction. These always correspond to episodes
when the inclination is small.

5. Linear Spin Model

[34] In this section we develop and apply a simple
linearized model of spin pole precession for Mercury. The
differential equation which governs the evolution of the spin
pole orientation, equation (5), is nonlinear. However, in
many cases it has been shown that linear solutions can be
obtained which capture many features of the behavior of the
system. Such linear models for spin pole evolution have
been constructed previously, in the context of studying
obliquity variations of the Earth [Miskovitch, 1931; Sharaf
and Boudnikova, 1967; Vernekar, 1972; Berger, 1976],
Mars [Ward, 1973, 1992], and Venus [Ward and de Campli,
1979; Yoder and Ward, 1979; Yoder, 1995, 1997].
[35] The first step in that process is to represent the unit

vectors bs and bn, which point along the spin pole and orbit
pole, in terms of complex scalars S and N, by projecting

E04006 BILLS AND COMSTOCK: FORCED OBLIQUITY VARIATIONS OF MERCURY

6 of 15

E04006



each of them onto the inertially fixed ecliptic plane of
J2000. For example, we represent the spin pole

bn ¼
n1
n2
n3

2
4

3
5 ¼

sin I cosW
sin I sinW
cos I

2
4

3
5 ð57Þ

by the complex scalar

N ¼ n1 þ i n2 ¼ sin I cosWþ i sinWð Þ: ð58Þ

In this scheme, and invoking the small angle approximation,
we have

Figure 1. (a) Eccentricity spectrum. The spectrum illustrates amplitudes and rates associated with
variations of eccentricity e and longitude of periapse v for the secular variation model of Laskar [1988].
(b) Inclination spectrum. The spectrum illustrates amplitudes and rates associated with variations of
inclination I and longitude of the node W for the secular variation model of Laskar [1988].

E04006 BILLS AND COMSTOCK: FORCED OBLIQUITY VARIATIONS OF MERCURY

7 of 15

E04006



bn �bs ’ 1; ð59Þ

bs� bn ’ i N � Sð Þ: ð60Þ

The angular separation between the spin pole and orbit pole
is the obliquity e, and their relative azimuth is y. Figure 4
illustrates the relative positions of the spin pole and orbit
pole, as projected onto the ecliptic plane.

Figure 2. (a) Eccentricity history. Variations in Mercury’s orbital eccentricity, from equation (53).
(b) Inclination history. Variations in Mercury’s orbital inclination, from equation (54). The reference
plane is the ecliptic of J2000.
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[36] If we ignore variations in orbital eccentricity, the
governing equation for spin pole precession, equation (5),
can be written in the simple linear form

dS

dt
¼ ia N � Sð Þ: ð61Þ

If the orbit pole evolution is represented by the series

N t½ � ¼
X
j

Fj exp i fj t þ fj

� 	� �
; ð62Þ

Figure 3. (a) Apse rate history. Variations in the rate of apsidal advance for Mercury’s orbit, from
equation (55). (b) Node rate history. Variations in the rate of nodal regression for Mercury’s orbit, from
equation (56).
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then the corresponding spin pole evolution can be written
simply as

S t½ � ¼ Sfree þ Sforced; ð63Þ

where the free pole motion, which depends only on the
initial condition, is

Sfree ¼ S 0½ � exp �ia tð Þ ð64Þ

and the forced motion is

Sforced ¼
X
j

Sj exp i fj t
� �

� exp �ia t½ �
� 	

exp igj
� �

; ð65Þ

with amplitudes given by

Sj ¼
a

aþ fj

� �
Fj: ð66Þ

Each term in the series describing the orbit pole has a
corresponding term in the forced spin pole series. The spin
rate parameter a is positive, and most of the orbit pole rates
fj are negative. If one of the sums a + fj is close to zero, then
the corresponding amplitude in the spin trajectory will be
amplified. However, as we have noted above, the spin pole
precession rate parameter a is substantially larger than any
of the secular orbital frequencies fj. As a result, there is no
resonant amplification for Mercury. Instead, the spin pole
trajectory is essentially a high-pass-filtered version of the
orbit pole trajectory.

[37] An apparent difficulty in applying this approach to
the spin pole of Mercury is that the initial conditions are not
well known. That would be a serious problem for a body
like Mars or Earth, where the free obliquity is large.
However, tidal dissipation helps in this case, in that the
initial conditions are quickly damped out. Dissipation can
be easily modeled by making the spin precession parameter
complex: a ! a + ib.
[38] When included this way, the dissipation completely

damps the free term and somewhat modifies the forced
terms. Assuming that the damping term is small, the
resulting model for damped forced spin evolution takes
the form

S t½ � ¼
X
j

Sj exp i fj t
� �� 	

exp i gj
� �

: ð67Þ

The second of the terms in square brackets in the original
equation for forced response is removed by dissipation.
[39] The angular separation between spin pole and orbit

pole can now be written in a simple form:

DS t½ � � S t½ � � N t½ � ¼
X
j

DSj exp i fj t þ gj
� 	� �

: ð68Þ

The amplitude of each term is just the difference in
amplitudes of the spin and orbit solutions:

DSj ¼ Sj � Fj ¼
a

aþ fj
� 1

� �
Fj ¼

�fj

aþ fj

� �
Fj: ð69Þ

[40] This solution can be viewed as an approximate
generalization of the Cassini state for the case of nonuni-
form orbit precession. In the case of uniform orbit preces-
sion, the expected end-state for dissipative spin evolution is
a special situation in which the obliquity has adjusted to a
value at which the system maintains a constant relative
geometry. That is, spin pole and orbit pole remain coplanar
with the invariable pole as the spin pole precesses about the
orbit pole and the orbit pole precesses about the invariable
pole [Colombo, 1966; Peale, 1969; Ward, 1975; Henrard
and Murigande, 1987].
[41] If the orbit pole precession is not steady, no such

coplanar configuration is attainable. However, the motions
of the orbit and spin poles can achieve a mode-by-mode
equivalent of the Cassini state. The solution above is such
that each mode of the orbit pole precession, with amplitude
Fj, rate fj, and phase fj, has a corresponding mode of spin
pole precession with rate and phase identical to the orbit
mode values, and with an amplitude proportional to the
orbit amplitude. The constant of proportionality is just the
ratio a/(a + fj) of the spin precession rate to the relative
spin-orbit precession rate.
[42] Figures 5 and 6 provide two different views of

the obliquity history of Mercury obtained via this
simple linear model and assuming a nominal value of a =
959 arcsec/year. Figure 5 shows the motions of the spin pole
and orbit pole, both projected onto the ecliptic plane of
J2000, for a time span of 3 million years, centered on the
present. The coordinate system is inertially fixed, and the
horizontal axis in the figure corresponds to the direction

Figure 4. Geometry of spin pole and orbit pole. The unit
vectors along the spin pole and orbit pole are both projected
onto the fixed ecliptic plane. The orbit pole position is
characterized by two angles: inclination I and nodal
longitude W. The angular displacement between spin and
orbit poles is also characterized by two angles: obliquity e
and relative azimuth y. The relative size of the obliquity,
compared to the inclination, is greatly exaggerated for
clarity of presentation.
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of the vernal equinox of J2000. At the scale of this figure,
the two trajectories are quite indistinguishable. Figure 6
illustrates the obliquity, or angular separation between spin
pole and orbit pole, for a time span of 10 million years, also
centered on the present. Several features deserve comment.
The obliquity history looks very much like a scaled version
of the inclination history. The dominant period of obliquity
oscillation is the same as for inclination: 895 kyr. In fact,
96% of the variance in the obliquity series is reproduced by
a scaled version of the inclination series.
[43] The reason for the nearly linear relationship between

inclination and obliquity is that the inclination variations are
dominated by the two previously noted spectral lines at rates
of �5.604 and �7.053 arcsec/year, and those frequencies
are close enough together that the mapping from inclination
to obliquity is nearly constant. Despite these similarities,
note that the obliquity variations are roughly 200 times
smaller than the corresponding inclination variations.
[44] A notable difference in the obliquity series, com-

pared to the inclination series, is the presence of relatively
more high-frequency variations in the obliquity. This is
readily understood in terms of the high-pass filter discussion
above. At longer periods, the spin pole tracks the orbit pole
more accurately, and the resulting obliquity variations are
attenuated. Higher frequency orbital variations are more
clearly expressed in obliquity.
[45] The obliquity trajectories which would be produced

via this model using other values of the spin pole precession
rate parameter a, are even more nearly just scaled versions
of the present obliquity model. If the value of a were
changed to 2/3 or 4/3 of the nominal value, which is still

Figure 5. Trajectories of Mercury spin and orbit poles,
projected onto the ecliptic plane of J2000. The coordinate
system is as in Figure 4. The maximum separation between
the orbit pole and spin pole is less than the line width in this
figure. Trajectories span 3 million years, centered on the
present.

Figure 6. Obliquity history. Variations in the obliquity of Mercury, obtained from the linear model of
equations (68) and (69), assuming a spin pole precession rate parameter of a = 959 arcsec/year.
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within the current range of uncertainty for that parameter,
then the resulting obliquity histories would very nearly
approximate 3/2 or 3/4 of the values shown in Figure 4,
respectively. Due to the large relative uncertainty in that
critical parameter, current reconstructions of the obliquity
history for Mercury are quite uncertain. The general shape
and spectral character of the obliquity history is rather better
known than is the actual value at any particular time.
[46] Figures 7 and 8 provide two additional views of the

relative motion of the spin pole and orbit pole. In Figure 7,
we show the difference,

DS ¼ S � N ¼ e cos Wþ yð Þ þ i cos Wþ yð Þð Þ; ð70Þ

in positions of the spin pole and orbit pole, as projected onto
the ecliptic plane, and as seen in an inertial reference frame.
Both the spin pole and the orbit pole are projected onto the
plane and then translated so that the orbit pole becomes the
new origin. In this view it is clear that the spin pole is
precessing around the orbit pole. Note the change in scale
between this figure and Figure 5, which uses the same
coordinate system. Figure 8 is similar to Figure 7, except
that it shows the quantity

dS ¼ e�iWDS ¼ e cos yð Þ þ i cos yð Þð Þ; ð71Þ

which involves a rotation of DS through the angle �W. If
the spin pole and orbit pole remained coplanar with the

fixed ecliptic pole, as would be expected for uniform rates
of orbit pole precession, then the spin pole, in this view,
would remain on the horizontal axis.

6. Numerical Integration

[47] In this section we examine a numerically integrated
solution to the spin precession equation, and compare it
with the linearized analysis of the previous section. The
linear analysis completely neglects eccentricity variations,
and would be expected to perform best when the inclination
variations are small. From that perspective, Mercury’s
obliquity history would appear to be a poor candidate for
linearization. However, the spin pole precession rate param-
eter a is large enough that the spin pole easily tracks motion
of the orbit pole, and the obliquity is therefore always quite
small. As we will see below, that factor dominates, and
makes the linearized model an excellent approximation to
the nonlinear behavior of the spin pole trajectory.
[48] In order to evaluate the accuracy of the linearized

model for spin pole evolution, we have numerically inte-
grated the full nonlinear equations of motion for the spin
pole of Mercury for a time span of 3 million years, centered
on the present. The orbital inclination variations in both the
linear and nonlinear models come from Laskar’s [1988]
secular variation model. In the linearized system, we intro-
duced dissipation via an imaginary part to the precession
rate parameter a. In the nonlinear equations, we approxi-
mate the dissipative effect by writing

dbs
d t

¼ a0 þ a2 e2
� 	 bs� bnð Þ þ g bn �bsð Þ bn�bsð Þ; ð72Þ

Figure 7. Linear model of spin pole and orbit pole relative
motion. The unit vector along the spin pole, as recon-
structed from the linear model, is projected onto the
precessing orbit plane. The quantity plotted is DS of
equation (70). The time span is 3 million years, centered on
the present.

Figure 8. Linear model of spin pole and orbit pole relative
motion. Similar to Figure 7, except that the quantity plotted
is dS of equation (71). The time span is 3 million years,
centered on the present.
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where g plays a role similar to the imaginary part of a.
Numerical values of the damping parameter are difficult to
constrain, as they depend on very poorly known material
parameters [deSurgy and Laskar, 1997; Touma and Wisdom,
2001]. We arbitrarily selected a value of

g ¼ 10�3a0; ð73Þ

which is almost certainly an overestimate. We integrated
this equation, subject to variations in the orbit normal given
by (47), (48), (51), and (52), and eccentricity variations
given by (45), (46), (49), and (50). For initial conditions, we
used the spin pole position estimated from the linearized
model at t = �1.5 Myr. Plotted at the same scales as
Figure 5 or Figure 6, the nonlinear integration would be
quite indistinguishable from the linear result. Even at the
scale of Figures 7 and 8 the linear and nonlinear trajectories
are barely distinguishable. A more discriminating compar-
ison is made in Figure 9, which shows the difference
between the linear and nonlinear spin trajectories at 200 year
intervals over the complete 3 million year time series. The
spin pole is usually within 2–4 arcmin of the orbit pole,
and the linear estimate of the spin pole is usually within
2–3 arcsec of the nonlinear estimate.
[49] There is, generally speaking, a very close correspon-

dence between the spin pole trajectory generated via the
linear theory and that obtained via numerical integration.
The small differences between the trajectories exhibit two
different patterns. Over most of the interval examined, the
distance between the two spin poles varies with dominant
periods of roughly 105 and 106 years, which are the

principal periods on which the obliquity itself varies. Part
of that variation is simply due to the fact that the linear
model neglects orbital eccentricity. As the eccentricity
changes, so too does the effective spin pole precession rate.
Thus the optimum angular separation between spin pole and
orbit pole, at which they can remain coplanar with the
invariable pole, will slowly vary.
[50] This behavior clearly illustrates an important dif-

ference between purely inertial systems and those with
damping. It has been argued [Laskar and Robutel, 1993;
Touma and Wisdom, 1993] that several of the planets
exhibit chaotic obliquity variations. A distinguishing fea-
ture of chaotic motion is that nearby trajectories exhibit
exponential divergence. For Mercury, in the presence of
substantial tidal dissipation, the opposite is true. Though
our simulation had short episodes during which the
nonlinear trajectory diverged slightly from the linear
trajectory, it was subsequently attracted back to the linear
trajectory. This behavior is quite characteristic of nonlin-
ear dynamical systems with dissipation [Gray et al.,
1998; Chacon, 1999].
[51] In the case of uniform orbital precession, it has been

shown [Colombo, 1966; Peale, 1969; Ward, 1975; Henrard
and Murigande, 1987] that there are either 2 or 4 stable
equilibrium configurations, in which the spin pole and orbit
pole maintain fixed relative positions. The number of
equilibria (either 2 or 4), and which of them a system is
attracted to, depend on system parameters and initial con-
ditions. In the case of nonuniform orbit precession, no such
global solution has been demonstrated. However, the
damped linear analysis presented above yields a solution

Figure 9. Difference between linear and nonlinear obliquities. Temporal variations in the angular
distance between linear and nonlinear spin pole trajectories.
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which is apparently stable and is, at least locally, an
attractor.
[52] In his analysis of the obliquity of Mercury, Peale

[1974] mainly considered the case in which the orbital
eccentricity is fixed and the orbit plane is precessing at a
uniform rate. However, on the basis of an earlier analysis by
Goldreich and Toomre [1969], Peale argued that the tem-
poral variations in eccentricity or precession rate would only
induce small departures of the spin pole from the Cassini
state, as long as those variations were slow, compared to the
spin pole precession rate. The argument is essentially that
the solid angle swept out by the instantaneous spin pole, as
it precesses about the Cassini state, will be an adiabatic
invariant. Peale estimated that variations in orbital eccen-
tricity and inclination, associated with the single spectral
line near 105 year period, would drive departures of the spin
pole from the Cassini state of about 5 arcsec. Our simu-
lations are consistent with this rough estimate. Though we
find larger variations, they include contributions from
several different forcing periods, and are dominated by the
inclination variations at 106 year period.

7. Summary and Discussion

[53] We have developed and applied a simple model of
the secular variations in obliquity for Mercury. The linear
model performs very well, when compared with a nonlinear
numerical integration of the equations of motion. The
primary limitation on reconstructing obliquity variations
over time scales of order 10 million years is the large
uncertainty in the gravitational oblateness of the planet.
That limitation will likely be removed when spacecraft are
placed into orbit about Mercury, in the near future. On still
longer time scales, uncertainties in the orbital motion
become a limiting error source.
[54] Our analysis suggests that tidal dissipation has likely

driven Mercury into a dynamical state which shares some
features with the Cassini state that the Moon occupies, but
also differs from it in other regards. Whereas the lunar orbit
pole and spin pole remain very nearly coplanar with the
pole of the ecliptic, as the spin pole and orbit pole both
precess, the nonuniform orbital precession rate of Mercury
precludes a coplanar configuration for its spin pole, orbit
pole, and solar system invariable pole. However, when the
spin pole and orbit pole trajectories are analyzed in terms of
the secular normal modes of oscillation of the solar system,
it is seen that the coplanar configuration holds on a mode-
by-mode basis. This represents an important generalization
of the concept of Cassini states to situations with nonuni-
form orbital precession.
[55] The primary pattern of obliquity variations for Mer-

cury is less sensitively dependent on the gravitational
oblateness than is the case for Mars, for example, since
Mercury’s spin pole precession rate is much faster than any
of the secular orbital variations. The present obliquity is
expected to be near to 1.8 minutes of arc. The primary
temporal variations have periods of �100 kyr and �1 Myr.
Ironically, some of the measurement objectives of the
MESSENGER and BepiColombo missions will be consid-
erably easier than if they had been launched 180,000 years
ago, when the obliquity was at a local minimum value. On
the other hand, waiting another 70,000 years, until a local

maximum in obliquity occurs, would make the measure-
ments still easier.
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